This paper addresses the discount pricing in word-of-mouth (WOM) marketing. A new discount strategy known as the Infection-Based Discount (IBD) strategy is proposed. The basic idea of the IBD strategy lies in that each customer enjoys a discount that is linearly proportional to his/her influence in the WOM network. To evaluate the performance of the IBD strategy, the WOM spreading process is modeled as a dynamic model known as the DPA model, and the performance of the IBD strategy is modeled as a function of the basic discount. Next, the influence of different factors, including the basic discount and the WOM network, on the dynamics of the DPA model is revealed experimentally. Finally, the influence of different factors on the performance of the IBD strategy is uncovered experimentally. On this basis, some promotional measures are recommended.
Introduction
In all ages, discount pricing, whereby a price is listed as a discount from an earlier or regular price, has been accepted as a common marketing practice. As opposed to a merely low price, a discounted price can make a rational consumer more willing to purchase the item, because (1) the information that the product was initially sold at a high price can indicate that the product is high quality, and (2) a discounted price can signal that the product is an unusual bargain, and there is little point for lower prices [1] [2] [3] [4] [5] .
Word-of-mouth (WOM), which is loosely defined as the sharing of information about a product between a consumer and his/her friends, colleagues, and acquaintances, has long been a prevalent topic among marketing practitioners and researchers [6] . As compared to the traditional advertising, WOM plays a more crucial role in influencing consumer decisions [7] . For instance, customers linked to a prior customer will be 3 to 5 times more likely to purchase the product [8] . Due to significantly low cost and rapid spreading, WOM outperforms advertising in terms of marketing profit [9, 10] . With the popularity of online social networks such as Facebook and Twitter, WOM has been turned into the main measure of marketing [11] .
The major concern on WOM marketing is the influence maximization problem: find a set of seeds such that the expected number of individuals activated from this seed set is maximized [12] , and large numbers of seeding algorithms have been proposed [13] [14] [15] [16] [17] . To evaluate the performance of different seeding algorithms, a number of dynamic models capturing the WOM spreading process have been suggested [18] [19] [20] [21] [22] [23] [24] [25] [26] . As it is known, the structure of the WOM network has a significant influence on the marketing performance [27, 28] . The above dynamic models are all population-level, which do not take into account the structure of the WOM network. As thus, these models are incompetent to analyze the influence of the WOM network on the marketing profit. To uncover the impact, the WOM spreading process must be captured more exactly by borrowing the network-level modeling technique [29] [30] [31] [32] [33] or the individual-level modeling technique [34] [35] [36] [37] [38] [39] in the epidemic dynamics.
It sounds a good idea to take a proper discount strategy in WOM marketing, because the discount aided with the WOM may greatly enhance the marketing profit. In this context, it is necessary to evaluate the performance of different discount strategies with the aid of individual-level WOM spreading models. As far as we know, hitherto there has been no literature in this aspect.
This paper addresses the discount pricing in WOM marketing. A discount strategy known as the Infection-Based Discount (IBD) strategy, in which each customer enjoys a discount that is linearly proportional to his/her influence in the WOM network, is proposed. To evaluate the performance of the IBD strategy, the WOM spreading process is modeled as a dynamic model known as the DPA model, and the performance of the IBD strategy is modeled as a function of the basic discount. Next, the influence of different factors, including the basic discount and the WOM network, on the dynamics of the DPA model is revealed experimentally. Finally, the influence of different factors on the performance of the IBD strategy is uncovered experimentally. On this basis, some promotional measures are recommended.
The subsequent materials are organized in this fashion. Section 2 describes the new discount strategy. Section 3 models the WOM spreading process and the performance of the discount strategy, respectively. Section 4 experimentally reveals the impact of different factors on the dynamics of the WOM spreading model. Section 5 experimentally uncovers the influence of different factors on the performance of the discount strategy. Finally, this work is closed by Section 6.
A new discount strategy
Given a large collection of products to be promoted in a WOM marketing campaign, and given the target market for the campaign, this section is intended to design a discount strategy.
As compared to a less influential prior customer, a more influential prior customer in the WOM network has a stronger influence on customers' purchase decisions and, hence, bring about a higher profit for the merchant. Inspired by this idea, we describe a discount strategy as follows.
The discount given to each customer is linearly proportional to his/her influence in the WOM network.
We refer the discount strategy as the influence-based discount strategy or simply the IBD strategy. Next, let us formalize the discount strategy. Suppose the target market consists of N individuals labeled as 1, 2, · · · , N. Let G = (V, E) denote the WOM network, where V = {1, 2, · · · , N}, and (i, j) ∈ E if and only if customer j can recommend products to customer i. Let A = a i j N×N denote the adjacency matrix of G. Define the influential degree of customer i in the WOM network as For each customer i, the discount given to him/her is θd i , where 0 ≤ θ ≤ 1, θ is referred to as the basic discount.
Clearly, the performance of the IBD strategy, which will be evaluated in the subsequent sections, is dependent upon the basic discount as well as the structure of the WOM network.
A mathematical framework for evaluating the performance of the IBD strategy
This section aims to provide a mathematical framework for evaluating the performance of the IBD strategy proposed in the previous section.
The basic notions, notations and hypotheses
For our purpose, let us introduce some notions, notations and hypotheses as follows. Suppose the WOM marketing campaign starts at time t = 0 and terminates at time t = T . At any time, every customer in the target market is assumed to be in one of three possible states: dormant, potential, and adopting. Dormant customers are those who have no will of buying an item, potential customers are those who have the will of buying an item, and adopting customers are those who buy an item. For 1 ≤ i ≤ N, let X i (t) = 0, 1, and 2 denote that at time t customer i is dormant, potential, and adopting, respectively. For 1 ≤ i ≤ N, let
T probabilistically captures the state of the target market at time t. Next, let us impose a collection of hypotheses as follows.
(H 1 ) Each customer is only allowed to buy one item per time.
(H 2 ) (Original price) The original price per item is one unit. (H 3 ) (Discount) The discount per item given to a potential customer i is θd i , where the basic discount θ is under control. (H 4 ) (WOM) Due to recommendations by adopting customers, at time t a dormant customer i has the will of buying an item and hence becomes potential at rate α N j=1 a i j A j (t), where α > 0 is referred to as the WOM force. (H 5 ) (Rigid demand) Due to the rigid demand, at time t a potential customer i buys an item and hence becomes adopting at rate β 1 , where β 1 > 0 is referred to as the rigid demand. (H 6 ) (Lure) Due to the lure of discount, at time t a potential customer i buys an item and hence becomes adopting at rate β 2 θd i , where β 2 > 0 is referred to as the lure force. (H 7 ) (Viscosity) At any time an adopting customer temporarily loses the will of buying another item and hence becomes dormant at rate γ > 0, where γ is referred to as the viscosity.
Hypothesis (H 3 ) declares that a more influential node is given a higher discount than a less influential node. (H 4 ) implies that a more influential node contributes more to the marketing than a less influential node. 
The DPA model
WOM spreading plays a key role in the IBD strategy. Starting from the basic hypotheses, let us derive the dynamic model capturing the WOM spreading process.
Let ∆t be a very small time interval. Hypotheses (H 4 )-(H 7 ) imply that, for 1 ≤ i ≤ N,
As a result, we have
,
By the total probability formula, we have, for 1 ≤ i ≤ N,
Rearranging the terms, dividing both sides by ∆t, and letting ∆t → 0, we get the following dynamical model.
We refer to this model as the DPA model. The model can be rewritten in matrix notion as
. Clearly, the dynamics of the DPA model is dependent on the WOM force, the rigid demand, the lure force, the viscosity, the WOM network, and the basic discount.
The expected profit
The performance of the IBD strategy can be measured by its expected profit; the higher the expected profit, the better the IBD strategy. In view of hypotheses (H 1 )-(H 3 ) and according to the DPA model, the expected profit of the IBD strategy can be measured by
Clearly, the expected profit is dependent on the WOM force, the rigid demand, the lure force, the viscosity, the WOM network, and the basic discount.
The WOM network
For the purpose of investigating the influence of different factors on the dynamics of the DPA model and the profit gained with the IBD strategy, let us build six candidate WOM networks. Fig. 2 depicts three small-world networks [40] , and Fig. 3 exhibits three scale-free networks [41] .
Figure 2: Three small-world networks with 100 nodes, 200 edges, and edge-rewiring probability p = 0.1, 0.2, 0.3, respectively.
Figure 3: Three scale-free networks with 100 nodes, 162 edges, and power exponents r = 1.9, 2.0, and 2.1, respectively.
The dynamics of the DPA model
The DPA model has significant influence on the performance of the IBD strategy. This section aims to experimentally reveal the influence of different factors on the dynamics of the DPA model.
The influence of the four basic parameters
This subsection examines the influence of the four basic factors (the WOM force, the rigid demand, the lure force and the viscosity) on the dynamics of the DPA model, respectively.
Comprehensive experiments show that, typically, the influence of the WOM force on the dynamics of the DPA is as shown in Fig. 4 . In general, the following conclusions are drawn. Comprehensive experiments show that, typically, the influence of the rigid demand on the dynamics of the DPA model is as shown in Fig. 5 . In general, the following conclusions are drawn. Comprehensive experiments show that, typically, the influence of the lure force on the dynamics of the DPA model is as shown in Fig. 6 . In general, the following conclusions are drawn. Comprehensive experiments show that, typically, the influence of the viscosity on the dynamics of the DPA model is as shown in Fig. 7 . In general, the following conclusions are drawn. 
The influence of the structure of the WOM network
Comprehensive experiments show that, typically, the influence of the randomness of the small-world WOM network on the dynamics of the DPA model is as shown in Fig. 8 . In generally, the following conclusions are drawn. Comprehensive experiments show that, typically, the influence of the heterogeneity of the scale-free WOM network on the dynamics of the DAP model is as shown in Fig. 9 . In generally, the following conclusions are drawn. 
The influence of the basic discount
Comprehensive experiments show that, typically, the influence of the basic discount on the dynamics of the DPA model is as shown in Fig. 10 . In generally, the following conclusions are drawn. 
The expected profit of the IBD strategy
This section aims to reveal the influence of different factors on the expected profit of the IBD strategy.
The influence of the four basic parameters
Comprehensive experiments show that, typically, the influence of the WOM force on the expected profit of the IBD strategy is as shown in Fig. 11 . In general, it is concluded that, with the rise of the WOM force, the expected profit undergoes an S-shaped growth: it grows very slowly at the first stage, takes off at the intermediate stage, and flatten out at the final stage. In marketing practice, the promoted products must be of high quality and with good experience so as to enhance the WOM force. Comprehensive experiments show that, typically, the influence of the rigid demand on the expected profit of the IBD strategy is as shown in Fig. 12 . In general, it is concluded that, with the rise of the rigid demand, the expected profit grows, but the growth rate slows down. Comprehensive experiments show that, typically, the influence of the lure force on the expected profit of the IBD strategy is as shown in Fig. 13 . In general, it is concluded that, with the rise of the lure force, the expected profit grows, but the growth rate slows down. In marketing practice, promotional measures such as providing small gift or offering the next-campaign coupon should be taken so as to intensify the lure force. Comprehensive experiments show that, typically, the influence of the viscosity on the expected profit is as shown in Fig. 14 . In general, it is concluded that, with the rise of the viscosity force, the expected profit goes up first, then goes down. In marketing practice, measures such as pushing new discount information should be taken so as to enhance the viscosity to the turning point. 
The influence of the WOM network
Comprehensive experiments show that, typically, the influence of the randomness of the small-world WOM network on the expected profit of the IBD strategy is as shown in Fig. 15 . It is concluded that there is a threshold of β 1 such that (1) when β 1 is lower than the threshold, the expected profit goes down with the rise of the randomness of the small-world network, and (2) when β 1 exceeds the threshold, the expected profit goes up with the rise of the randomness of the small-world network. Comprehensive experiments show that, typically, the influence of the heterogeneity of the scale-free WOM network on the expected profit of the IBD strategy is as shown in Fig. 16 . It is concluded that there is a threshold of β 1 such that (1) when β 1 is lower than the threshold, the expected profit goes down with the rise of the heterogeneity of the scale-free network, and (2) when β 1 exceeds the threshold, the expected profit goes up with the rise of the heterogeneity of the scale-free network. 
The influence of the basic discount
Comprehensive experiments show that, typically, the influence of the basic discount on the expected profit of the IBD strategy is as shown in Fig. 17 . In general, it is concluded that there is a threshold of the basic discount such that (1) when the basic disount is lower than the threshold, the expected profit grows with the rise of the basic discount, and (2) when the basic disount exceeds the threshold, the expected profit drops with the rise of the basic discount. This phenomenon can be explained as follows. When the basic discount is very lower, the marketing campaign is less attractive, leading to a low marketing profit. Whereas when the basic discount is very high, the high gross profit is severely diminished by the high discounts, also leading to a low marketing profit. In marketing practice, an in-between basic discount would help achieve the maximum possible profit. 
Conclusions and remarks
In the context of WOM marketing, a natural discount strategy has been proposed. By modeling the marketing profit, the performance of the discount strategy has been evaluated. On this basis, some promotional measures have been recommended.
Towards this direction, there are many problems to be solved. The influential degree in the proposed discount strategy may be replaced with other influence indexes [42] [43] [44] [45] [46] [47] , resulting in many similar discount strategies. A comparative study can be conducted so as to find out the best one. For the purpose of comprehensively evaluating the performance of the proposed discount strategy, a profit model that allows consumers to purchase more than one item each time must be developed. In order to further enhance the marketing profit, the static discount strategy must be made dynamic and more flexible [48] [49] [50] [51] [52] .
